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’REIS' FUNDAMENTAL PRINCIPLE FOR NON-ENTIRE FUNCTIONS

le Roever

\CT

ihrenpreis' fundamental principle deals with spaces of entire functions
: can be applied to derive the Ehrenpreis-Martineau theorem which,

ins of Fourier transformation, establishes the isomorphism between

:ic functionals carried by bounded convex sets and entire functions
>onential type. In this paper the fundamental principle is derived for
ices being the dual of spaces whose elements are the Fourier transforms
1—entire functions, and it is applied to derive extensions of the
)reis-Martineau theorem to analytic functionals carried by unbounded

¢ sets, the Fourier transforms of which are non-entire functions.

RDS & PHRASES: Fourtier transformation; analytic functionals carried by
unbounded convex sets; holomorphic functions of several
complex variables; Ehrenpreis-Martineau theorem;
distributions, ultradistributions and Fourier hyper-

functions; cohomology with bounds.







1. INTRODUCTION

For some reasons a theorem is needed that characterizes the space of
Fourier transforms of objects, such as distributions or analytic functionals,
concentrated in a given unbounded convex set f in c” ]). When Q is bounded
and real, the Paley-Wiener-Schwartz theorem characterizes the space of
Fourier transforms of distributions with compact support as a space of
entire functions. When  is unbounded and real, this theorem can be extend-
ed (see VLADIMIROV [14]) so that it gives the space of Fourier transforms
of tempered distributions with support in Q as a space of functions holo-
morphic in the tubular radial domain R" + i C, where the open, convex cone
C in R" is determined by 2. When Q is bounded and complex, there is a
theorem of P6lya for one variable and the extension to several variables
of EHRENPREIS [2] and MARTINEAU [11] which characterizes the space of
Fourier transforms of analytic functionals with carrier in Q as a space of
entire functions of exponential type. In this paper the last theorem is
extended to the case of unbounded, convex, complex sets . It turns out
that, here too, the space of Fourier transforms of analytic functionals
with unbounded carrier in Q consists of functions of exponential type
holomorphic in a tubular radial domain.

As in EHRENPREIS [3] the theorem for entire functions can be derived
from Ehrenpreis' fundamental principle applied to the Cauchy-Riemann
equations. These equations give rise to a multiplicity variety W of a very
simple nature and, therefore, the local and semilocal theory is much
easier than in the general case. For example, a semilocal extension of a
function on W can be obtained by a similar process as in theorem 4.4.3 of

HORMANDER [6]. In this paper the collection of semilocally defined func-

tions is extended to a non-entire global function by theorem 5.1 and together

1)

For example, writing formally the Newton interpolation series for func-
tions in several variables and taking the Fourier transform of this
series one comes to a domain of convergence which is an unbounded convex
set in C". Hence the series is valid for functions being the Fourier
transform of objects concentrated in this set, see DE ROEVER [12].




h theorem 5.2 this yields the above mentioned generalization of the
enpreis-Martineau theorem. However, for the proof of the general fun-
ental principle for non—entire functions no further work has to be done.
» the local and semilocal theory of EHRENPREIS [3] remains unchanged,

le the extension to global results is obtained from theorems 5.1 and

» which are the main theorems of this paper.

Examples of localizable spaces, i.e. spaces the fundamental principle
valid in, are obtained as spaces of objects, such as distributions,
radistributions or Fourier hyperfunctions, which are the Fourier trans-—
ms of analytic functionals in Q. These objects are given as boundary
ues of certain functions f holomorphic in tubular radial domains R" +1iC.

analytic functionals are carried by @ with respect to some class of
ght functions determined by the behaviour of f near the vertex of C and
h respect to some class of neighborhoods of Q. In the case of distribu-
ns or Fourier hyperfunctions these neighborhoods can be obtained to be
eighborhoods and in the last case this extends a result in KAWAI [7],
re a class of larger neighborhoods is considered.

As a particular case of the fundamental principle for non-entire
ctions one obtaines the fundamental principle for entire functions, now
the sense of theorem 3.1 of this paper, which is a weaker version than
one in EHRENPREIS [3]. On the other hand less restrictive conditions
the growth conditions are required, so that here the space E(0) with O
vex is localizable (examples 8.1 and 8.2), where in EHRENPREIS [3] it is
; cf. remark 4.5 of [3]. The difference is that in [3] one globally
ined function is obtained that satisfies all the bounds, while here for
cy bound a different global function is constructed with the aid of
sstimates for 3 of HORMANDER [6]. However, the representation of a
ition in a localizable AU-space of a homogeneous system of differential
itions with constant coefficients as Fourier transforms of measures
tentrated on the zero set of the Fourier transform of the differential
cator remains valid.

Besides in the application made here theorem 5.2, which is a general-
-ion of theorem 7.6.11 of HORMANDER [6], is of interest by itself.
tlarly to KOMATSU [9] this theorem together with the Ehrenpreis-—

:ineau theorems for non-entire functions (theorems 7.1, 7.2, 7.3 and 7.4)




can be used to obtain resolutions of sheaves of solutions of systems of
partial differential equations with constant coefficients in the spaces of
objects being boundary values of functions of exponential type, holo-

norphic in tubular radial domains.

2. EHRENPREIS' FUNDAMENTAL PRINCIPLE

For a vector P of complex analytic polynomials EHRENPREIS [3] has
lefined a multiplicity variety W (W is defined in the set where all the
zomponents of P vanish). Let H be a space of entire functions satisfying
zertain growth conditions, then Ehrenpreis' fundamental principle says
that H modulo P-H is isomorphic to the space H(W) of restrictions of entire
functions to W satisfying the same growth conditions on (Y as restrictions
o W of functions in H, provided that certain properties for the growth
onditions hold. This is also true if P is a matrix of polynomials and if
J is an associated vector multiplicity variety, but then the restriction of
mn entire function to W is defined only semilocally, i.e. in a priori given
younded sets covering €". When the fundamental principle is valid, the
space W of the Fourier transforms of the elements of the dual H' of H is
:alled localizable; here, the Fourier transformation F is an isomorphism,

hus W = FH' or, equivalently, when W is the dual of some space W',
t=Fur. D
In some applications one rather starts with the space H(W) than with

[ and the problem is to extend functions in H(W) to functions in H. For

'xample, in the Ehrenpreis-Martineau theorem (see §7) W is very simple,

) The following definition is used: when F is an isomorphism between the
spaces B and FB = A, the Fourier transform of an element f in the dual
A" of A is the element Ff of B' defined by

<Ff,q;>B = <f,FllJ>A, Y € B.

By use of this definition the ambiguity mentioned on p.14 in EHRENPREIS
[3] is avoided. Of course, as in [3] this definition corresponds to the
following action of a function f, regarded as distribution in D', to
testfunctions ¢ in D

<f,¢> =/ £(x) ¢(x)dx.




: the extensions do not always agree with the formulation of the funda-
ital principle, as the following 'example shows:

: H(W) be the space of entire functions f in € satisfying for every e > 0
[£(2)]| < Me exp €lz]

| 1let H be the space of entire functions F in Cz satisfying for every

-0

IF(e) | < M_(1+lol )™ exp elIm ol

re m depends on F; clearly the restriction to W = {(91,62) | 82==ie]} of
. growth conditions of H yield the growth conditions of H(WV); however,
hough W = FH' is localizable, it is not true that any function in H(W)

. be extended to a function in H; for example, the function
f(z) = % exp(izz+1/z) dz € HW)

not be written as f(z) = F(z,iz) with F ¢ H, since all functions in H
polynomials (see VLADIMIROV [14]), while f is not.
Therefore, we analyse the formulation of the fundamental principle
e precisely. An analytically uniform structure K for the space W = FH'
a collection of continuous positive functions k on Cn, such that for

h F € H and each k € K
lF(z)I// —> 0 as lzl »
k(z)
such that the sets
{FeH | |F(2)]| <k(2), zeC™}
n a fundamental system of neighborhoods of zero in H. The space W is
led an analytically uniform space (AU-space), see EHRENPREIS [3] p.9
&(b) or BERENSTEIN & DOSTAL [1] p.7 (1)(iii). In order that W is

alizable it is sufficient that besides the conditions [3] p.96 (a) & (b)

-1] p.8 (iv) H satisfies the following conditions ([3] p.96 (c) or




(1] p.8 (v)): there is a family M (BAU-structure) of continuous positive

functions m on C" with for every m ¢ M and k ¢ K m(z) = 0(k(z)), such that

the bounded sets
{FEHI |F(z)| <a m(z), zeCV}, a >0, meM,

lefine a fundamental system of bounded sets in H; moreover, the functions
< € Kand m € M can be written as a product of functions ki and m,,
respectively, in the variable Z:s i=1,...,n and these functions must
satisfy certain conditions ([3] (4.3) & (4.4) or [1] p.21 (vii) & (viii))

mmong others ([1] (viii)): for every € > 0 and every m = m...m € M,

. * * * .
here exists m = m...m € M, such that for each i ¢ {1,...,n} and any

2y = x0+iyO € C, there is an entire function ¢(z) in € for which

mi(zo) o (2z) |

’ *
2.1) p— TIGaY < mi(z), z e Q.

lc—zol <e

n this case W is called product localizable, PLAU.

In the above example there are several possible AU-structures K on H,
lamely K1 consisting of all functions k(8) = k](Reel)kz(Imel)k](Re92)k2(1m6
there k] dominates all polynomials and where kz(y) = exp elyl, € > 0, and
12 consisting of all functions k(8) = kl(Re el)k](InLel)k](Re 92)k1(1n192).
'ossible BAU-structures M] belonging to K] and M belonging to both K or
12 are: M1 consisting of all functions m(e)-m (ReG )m (hne )m (Ree )m (Im 6
there ml(x) a(1+lx|) , o >0, £ >0 and where m (y) is a contlnuous
ositive function which is dominated by every functlon exp elyl, € > 0, and
L consisting of all functions m(6) = m](lell)m](|62|),

M] does not satisfy condition (2.1), because m, is allowed to be a

2
unction that dominates all polynomials. Hence, if the AU-structure is

efined by K, the BAU-structure has to be M, in order to let W be PLAU.

owever, if ihe topology of H(W) is definedzby restrictions to W of func-
ions in K], M2 does not induce a BAU-structure on H(W). A BAU-structure

n H(W) would be the one induced by Ml'
The fact that M is a BAU-structure on H(W) and condition (2.1) are

eeded to extend a collection of semilocally defined functions satisfying

2)’

)




> bounds on W to a globally defined function in c” satisfying the right
mnds. Hence, if H(W) is provided with the topology induced by one of the
-structures K on H, one moreover has to require that the BAU-structure M

H belonging to K and satisfying the above conditions (among others

dition (2.1)) is also a BAU-structure on H(W). This assumption is omitted
BERENSTEIN & DOSTAL [1]. In EHRENPREIS [3] the topology of H(W) is defined
the one induced by all the possible AU-structures on H. The special con-
cion is satisfied then, but one has to know all the AU-structures on H.

In this paper we present the fundamental principle in a different way
ing Lz—estimates for 3 of HORMANDER [6]. Then the above mentioned problems
> avoided and less restrictive conditions are required on the growth
ditions for the functions in H. Another advantage of this approach is
it it enables us to derive the principle for the space E(0), where O is
wex in ng while the above method only yields that E(0) is PLAU when O
a cube or that E(0) is LAU when O is a convex polyhedron (see [3]). As
> as the Ehrenpreis—-Martineau theorem is concerned the fact that O should
a polyhedron is not serious, since an open convex set in R" can be
yroximated arbitrarily close from the inside by polyhedra P and the
rorem follows by application of the fundamental principle to the space
') . However, we will derive a similar theorem for analytic functionals
'ried by unbounded convex sets with respect to e-neighborhoods and such
s cannot be approximated by polyhedra. The Fourier transforms of these
tllytic functionals are no longer entire and we need the fundamental
nciple for spaces H consisting of functions holomorphic in some open

udoconvex set Q and satisfying certain growth conditions there.

THE FUNDAMENTAL PRINCIPLE FOR NON-ENTIRE FUNCTIONS

We assume that the growth conditions on the functions of H can be
ressed by LP-norms with respect to weight functions of the form

o . . . . .
|—¢a, where {¢ }ae are plurisubharmonic functions in 9. It is stated

A
t the generalization to arbitrary pseudoconvex open sets { does not
isist of merely replacing c® by Q. Actually there are several possible

's for the behaviour of a function f on Q:




Let {Qk}:=l be an increasing sequence of relatively closed subsets of
h union Q and 1etv{<1>0L}OL€A be a decreasing net of plurisubharmonic

ions in Q. Denote for p = 1,2,...

1512 < 0 [ 15 1P expmp®2) an(1'7P,
2

Qk n
A(z) the Lebesgue measure in €, and for p = «

Ilflléwl)( = sup |f(z)] exp-¢*(z);

? zer
11 write "'"a,k instead of U-"éfi when p = 2, Then there are the
wing possibilities for the behaviour of f:
for some o and every k = 1,2,... "f"a,k < Kk
for each o fixed and every k = 1,2,... "f"a,k < K](a,k)
for each k fixed and every a € A "f“a,k < Kz(a,k)

the constants K satisfy for every k and «
KkSKk_H, K](a,k)SKl(a,kH), Kj(oc,k)sKj(a',k),a'Za, j=1,2

or every k and o there is an a, 2o with

Kz(a,k) < Kz(ak,k+l).

A is a countable set (ii) and (iii) are equal. If f is bounded with

2t to the norm

ufuip) = f 1£(2) 1P exp-ps®(2) dA(z)]l/p
Q

=1,2,... or

Hf"éw) = sup |f(z)] exp—¢a(z)
zefd
= =, we express this by saying that the sequence {Kk}:=1 in (i) or
ich a € A the sequence'{Kl(a,k)};;1 in (ii) is bounded, i.e. Kk < K

rery k and a certain constant K or K](a,k) < K(a) for every k and




rtain K(a) depending on a.

Ehrenpreis' fundamental principle deals with spaces of type (ii) whe:
= ¢" and K](a,k) < K(o). However, when Q@ is not ¢" we cannot work with
aces of functions of type (iii) and beginning with a space of functions
pe (ii) we will always end with a space of functions of type (i). There-
re, although we are concerned with spaces of type (ii), we will change
2 formulation of the fundamental principle so that our calculations are

tformed in spaces of functions of type (i).

When all sets Qk are different we require that

' 2) Vk,32 >k : Vz € Q : 2" € B(z3i,1) = 2" ¢

k [

2re for 0 < § <1 and K =20

B(2;6,K) S2L (2" | lz'-z0 <min(K,sd(z,2%)1};

e d(z,Qc) denotes the distance from z to the complement of Q, i.e.

a(z,2) &L ine wz-z'n,
z'enC

‘eover, there is a continuous plurisubharmonic function ¢ in Q with

3) 9 = {z | zeq, o(z) <k}.
;n the sets Qk are compact (3.3) is not a special condition on
'RMANDER [6] theorem 2.6.7.1ii), but we have in mind unbounded sets Q. .

k
p=1,2,...,° let

a
Hp(ﬂk;¢ )

the Banach space of functions holomorphic in intSﬁi and in case

© also continuous on Qk, such that the norm (3.1) is finite and let

H .(x= . _C!.
p[ﬂ,¢ ] g:gg Hp(ﬂk,¢ )




When p = 2 we just write H[Q;¢a].
Finally we have to make one more assumption on the space H. Since it

is not true that the neighborhood
{B(z';e,L) | 2' e B(2;6,K)}

of z ¢ Q again is contained in a neighborhood B(z;n,M) of z for some n

and M, we consider neighborhoods of z of the form

D(z36,K) SEL (27 | 2' e q, d(2',8°) > 8d(2,85), lz=z'll <K},

0<8<1, K=>0. Then

(3.4) B(z;1-8,K) < D(z;8,K)
and
{D(z";e,L) | 2" eD(2;6,K)} c D(z;e6,K+L).
So, if for K > 0 we write
s(z;8) 2L (237500,
then

{s(z';K) l z' € S(z;L)} < S(z;K+L).

For a plurisubharmonic function ¢ in @ and for N,M,K > 0 let

(3.5) 3 (2) 2L max(o(2") +N log(i+h2'1%) + Tog(1+d(z",05) ™) |
N,M,K
z' € S(z:;K)}.
When Q = Gn, S(z;K) = {z° [ lz-z'l <K} and ¢ (which does not depend

N,M,K
on M) again is plurisubharmonic. Like the third term in the sum occurring

in (3.5) we will meet plurisubharmonic functions { (bounded far from 52 and
tending to infinity near 3Q) that are convex functions of d(z,QC). Then if
in (3.5) S(z;K) is replaced by {z' l z' e, d(z',QC) Ze_K d(z,QC)}

@N M.K again is plurisubharmonic. Therefore, in (3.6) we will change the
3 ?




:tion (3.5) slightly in order to get a plurisubharmonic function.

Now we require that the net'{¢a}a€ is such that for every N,M,K > 0

A
every a € A there is an a' 2 o, a constant A = A(a,N,M,K) and a pluri-
. . a .
r1armonic function ¢N,M,K with
. al a ~0
< <
5) 5N’M’K(Z) < ¢N’M’K(Z) < ¢N’M’K(Z)+A, z e Q

such that for every N =2 0

def . o . o
7 H = pr H [Q = pPT H LQ:;
) proj H L23¢"] = proj H L2541,
o not o .
‘e ¢N ====¢N N.N° Remark that for the above mentioned ¢ we may take
3 3
= a in (3.6). Furthermore, we may choose ¢ in (3.6) such that for

'y N>20Oand M 2 0

a
N,M,K

3) ()y < Sygay™ A

some constant A depending on a, N and M.

Conditions (3.2) and (3.7) imply that H is independent of

{1,2,...2} (see WLOKA [16]) and that moreover, when p = =, for f ¢ H,
A and every k

)) lf(z)lexp—¢a(z) >0 as z > 3 or Izl > » in Qk.
1 © = ¢" condition (3.7) is just condition (b) p.196 in EHRENPREIS [3]
(iv) p.8 in BERENSTEIN & DOSTAL [1].

Let P be a pxq-matrix with polynomial entries and let W be an
)ciated vector multiplicity. The fundamental principle for non-entire

:tions proved in this paper says that the map p

i . 9] . —>.a
0) Proj — Pproj H{QnW;¢ ]

Qe

P
{ HLQ; 6] 1

P
H[R34°1 n P-H[Q;cba]qJ

in isomorphism. Here p is defined only semilocally if p > 1.
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Less conditions are required, if we deal with the spaces

L7 2=1
nce of open pseudoconvex sets w1th intersection © and where {¢ }

rﬁg H (Qd % or H = 1nd pr%g H (Qg,¢ ), where {Q 17 is a decreasing

oeA

lurisubharmonic functions in Q]. In fact, in the first case we only

re that

) H.d-e.z_f.prA]H(Q¢) pr%H(QcpN)

very N 2 0 and in the second case we require that

) H 22£ 1nd pr}g H (92,¢ ) = ind proj H (QQ,¢;),
> ae > aeA

¢; is defined by (3.5) and (3.6) with Q replaced by Ql, and that

) ¥8,3k>2,3650 : Vz e  : lz'-zl < min[l,éd(z,QT)] >z €Q.

here the spaces (3.11) and (3.12) are independent of p ¢ {1,2,...,%}.

he fundamental principle says that p is an isomorphism between

H(Q ¢ )
) pro }————+ prOJ H(an ) )
*e H236 ™) 0 PoH(Q;6%)
H(Q ;6%
) 1nd pro , }__p__+ ind pri H(Q nw ) .
b e H(2;50° ) . H(2,;30°) re e

p in (3.15) is an isomorphism follows from (3.12) and (3.13) and the
that p in (3.14) is an isomorphism. So we will prove that (3.10) and

) are isomorphisms and we obtain the following theorem.

EM 3.1 (Fundamental principle). Let W be a locally convex space which
2 strong dual of some locally convex space W' such that H = FW' is
ally convex space of holomorphic functions in some open pseudoconvex

whose growth is determined by exp ¢, where { 0} are plurisub-

aeA




monic functions in Q. Here the Fourier transformation F is an isomor—

sm. If H satisfies (3.11), then W is localizable, Z.e. the map p in

14) Zs an isomorphism or, if Q satisfies (3.2) and (3.3) and Zf H

isfies (3.7), then the map p in (3.10) Zs an isomorphism. When H consists
holomorphic functions in open pseudoconvex neighborhoods Q, of the open
closed set Q@ satisfying (3.13), then the map o in (3.15) Zs an isomor—
sm, 1f H satisfies (3.12).

We remark that (3.10), (3.14) and (3.15) is a weaker version of the
damental principle than in EHRENPREIS [3], where p acts on a space of

form
j%
. n_ o
proJ H(C 5¢7) q
ae P 'Praé H(Gn;¢a)
ae

ever, the representation (theorem 7.1 [3] or (9) p.93 [1]) of a solution
n W of a system of homogeneous differential equations f(D)T =0,

(Pl"'°’Pq)’ Pi polynomials, remains valid; namely, T can be written

bolically as

16) T(x) =

e~

( [Bj exp iz-xJexp - ¢%(2) duj(z),
1

1
anQk

1 H is given by (3.7), for some ¢a, some k and some totally bounded
5 . i i . n =, ..= =
ures u, on the algebraic variety @ n VJ < {z | P](z) Pq(z) 0},

vhen H is given by (3.11) we set Q. = Q in (3.16). Similarly, when H is

an by (3.12), (3.16) becomes

k

r
T(x) = Z J [Bj exp iz-x]exp-—¢a(z) du§(z)
j=1
anQ2
every 2 = 1,2,... . Here Vj and the differential operators Bj in z

determined by P. Indeed (cf. BERENSTEIN & DOSTAL [1]), let T ¢ W be a
stion of P(D)T = 0 and let f ¢ H be such that for all a € A

17) £(z) = B(z) - g7(z)
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q q q
for some E“ e HI[Q; ¢a] , 8% e H(:6%)  or g“ e H(Q, 50%)  , for some 202

0a
respectlvely, Then F T belongs to some space H[Q; ¢N 0, REARLICH ¢N 0, O)'
wvery H(Q ’¢N 0, 0), £ =1,2,..., where N is sufficiently large. If in the

last case @y denotes ago, then

(1

Fl1,3(2)3 O(2)> = <1,B(-0)-F '3 O

Fl7£(2)>

> ) —]+a0
<P(D)T,F 'g > = 0.

Jonversely, any T € W with <F—]T,f(z)> = 0 for f satisfying (3.17) satisfies
BT, F 3> = 0

‘or all functions g belonging to a certain H[Q;¢ao]q, H(Q;¢a0)q or

i(920;¢a0)q’ hence 3(D)T = 0 in W. The representation (3.16) follows from

he isomorphism (3.10) and property (3.9), while the isomorphisms (3.14)

ind (3.15) yield the other cases. A similar representation holds for a

rector solution % when P is a pxq-matrix (see EHRENPREIS [3] theorem 7.3).
The space H[Q;¢a]' arising here can be represented as follows:

1S a projective limit of Hilbert spaces H[Q;¢a] is an FS*-space (see

(OMATSU [8]), therefore, it is reflexive and its strong dual equals

ind H(Q 307,

Koo k
there ﬁ(ﬂk;¢a) is the closure of H[Q;¢a] in the norm (3.1) for p = 2; hence
wounded sets in H[Q;¢a]' are contained in some ﬁ(Qk;¢a)'.

In the above we assumed that the Fourier transformation F is an
.somorphism between H' and W. So, at least the set of functions in z
eiz'C}C€o, where ¢ ranges in some set O c Cn, must be contained in H and,
oreover, since F is injective from H' onto W this set should be dense
n H. The space W then consists of objects (such as functions or distri-
wutions) in O. The set O is convex, since exp iz-gl € Hm[9;¢a] or
lm(Q;¢a) and exp iz'c2 € Hw[Q;¢a] or Hm(ﬂ;¢a) imply exp iz-(tc]+(l-t)§2)
Hw[Q;¢a] or Hw(Q;¢a), respectively, O < t < 1. On the other hand, if

ne starts with an AU-space W, which is the dual of W' of objects on O,




n the set {elz.c} of functions in ¢ should be dense in W, since also

zefl
s an isomorphism between W' and H. From this it follows that in such

es Q is convex too. However, nor this condition, nor the the fact that

Z.C}
zeO

y are only needed when Fourier transformation comes in.

is dense in H are used to derive the fundamental principle, as

SEMILOCAL THEORY

(1)

cial open shrinking of U. Then the proof in EHRENPREIS [3] shows that

Let U = {Ui};;1 be a special open covering of Q and let U be a

function £ in prié H[an,¢a] or prﬁé H(an,¢a) can be extended to a

ae ae

lection of functions cs holomorphic in Ui and satisfying good bounds.
Let CP[U,F,¢%] be the set of all alternating p-cochains c of the

ering U with values in the sheaf F that satisfy for every k

f 2 o :
1) "c"a,k = [|S|£ o J ﬂcs(z)" exp - 2¢ (z) dk(z)] < o,
P USan
re 1£(2)1°% = [£ () [%+...+1E_(2)17 if £ = (£)see0nf) € AU RO here
) denotes the set of holomorghic functions in Q. The coverings U and
) have to satisfy certain properties listed in §6 in order that the
imates for cochains can be carried over to globally defined functions
conversely.

Let A be the sheaf in Q of germs of holomorphic functions and let

> the image under P of the sheaf A: F = P'AY, a subsheaf of AP. Let

J,Ap,¢;P] be the set of cochains c € CS[U,AP,¢] with
sc e ST, F).

In EHRENPREIS [3] it is shown that the restriction map 5L is an

norphism onto:

L
pro] cOru, AP, 4%;p] N
ae
proj Co[U,Ap,¢a;P] n P-proj COEU(]),Aq,¢u]
aeA aeA
L

P > proj HLQnW;6%].
acA
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d, a function f in Eﬁﬁé H[an;¢a] is extended to a collection of func-
{ci}i=1 with ¢y holomorphic in Uig Firstly, for each i f is extended
finite collection of functions holomorphic in finitely many very small
covering Uss whose difference on the overlaps are sections in F. Then
as to apply a piecing together process of this collection of functions
e function c; in Ui' As is remarked in EHRENPREIS [3], this process

ws the same lines as the proof of the similar statements for the map A
11 define and even it is more simple, because Ui is a bounded set, so
no convergence factors such as ¢ arising in condition (2.1) are needed.
ve not assumed this condition, so that the proof of EHRENPREIS [3] is
here too. Of course, one can also follow the piecing together process
rform in section 6.

In fact, each set Ui is covered in such a way that the bounds for ¢y

1 on the bounds for f on Vi a w, where Vi is the enlargement by a

t 2 of Ui the center z, kept fixed. Then the minimal size of the sets
zover U, is proportional to a power of (l+"zill)_1 and to a power of
ize Bi of Ui' Also the maximal number of sets covering Ui is propor-

l to a power of 1+"ziﬂ and of B;]. However, these powers do not

i1 on i, see EHRENPREIS [3] chapter III. It follows from our piecing

1er process that cy satisfies for some N and K independent of i

N

, o ez’ |
[ J lc. (2)I dA(z)] < K(———gl;—> sup HE£(2)I,
g L i zeVinw

i
armore, the sets Ui will be such that they have a fixed size if they
ir enough from 3Q or that the size is proportional to di’ where di is

istance from Ui to 0Q. Therefore, for every o ¢ A and some N

1
2 o 2 of
"ci(z)" exp-—2¢N(z) dx(z) <K sup_ TE(z)l exp-¢~ (2),
zeV.nlW
U. i
i

a' is determined by (3.6). Since the sets Ui can be chosen so that
z €  1s contained in not more than L different sets Vi and since Vi
itained in QQ if Ui n Qk # @ for some £ > k, in virtue of (3.7) for
k and o € A we get




?
< LK sup_ IE(2)l exp -6~ (2).

' 2) el
o zeQRnW

sk

A similar procedure, now with respect to the covering U(l), shows that
is injective, see EHRENPREIS [3]. Finally (4.2) implies that (51')-.1 is
itinuous.

However, if we use the following isomorphism, the proofs in the sequel

.1 be considerably facilitated, while the final statements do not change:

pr(ki CO[usAp,dJa;P] R

o

€ proj cOrU, AP, s%;P] nP-pro] Oru a9, 4%
oeA o€

— prgg{cotu(‘),Ap,¢“;PJ } :
Qa
¢ cPruM, 4P, 4% 21 ne-cOuP, %)

s map is surjective and has continuous inverse (here each Ui e Uis
‘ered by finitely many sets from U(l), the number and size depending only
the size of Ui) and that it is injective can be seen as follows: any

pr%é Co[U,Ap,¢a;P] that can be written as ¢ = Peg with g ¢ CO(U(]),Aq)
(67 (1)

~

ishes on Q@ n w, because also U is a covering of Q, so that, since §
injective, it can be written as ¢ = P-g with g ¢ Bﬁﬁé Co[U(]),Aq,¢a].
ilarly, it follows that CO[U(I),AP,¢Q;P] n P-CO(U(]>,Aq) is a closed
space of COEU(I),AP,¢a;P].

. . . L
As above, there is an isomorphism p

0,,(1) L N
j{C w ,AP,¢°L;Iy }—p——-* prog H(QnW;9™),
' P AP 4y ap-cPw(, A o

re CO(U(]),AP,¢Q;P) is the space of those c € CO[U(I),AP,¢Q;P] with the
ms (4.1) bounded by a constant independent of k, i.e. instead of (4.1)

have
[ 2 :
Hcﬂa = LZ J Hcs(z)" exp-—2¢a(z) dA(z)J < o,

U
s
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5. PASSAGE FROM SEMILOCAL TO GLOBAL RESULTS

The main problem of this paper is to extend the semilocally defined
functions to a globally defined function, i.e. to show that there is an

isomorphism A:

(5.1) pro

J'{H[Q;¢OLJP 1 2,
aecA

HLQ;6%1P 0 PoH[Q;4%714

A pr%{cotu(l),/\pm“;ﬂ }
e ?
CO[U(I),AP,¢a;P]eraCO(U(l),Aq)

#hen H satisfies (3.7) and @ (3.2) and (3.3). A similar isomorphism A
exists for arbitrary pseudoconvex open sets Q and for H given by (3.11).

Ne decompose the map A into continuous restriction maps Aa and we will show
that for each a there is an a' > o and a kind of continuous inverse Hy o

3
such that the following diagram is commutative:

. I , - R
H{R;0% P —al— um;(t»“]‘/
| ;6% 1P 0 peHCR;0% 19 7 HLR;6% 1P n PeHlR;" 1%

/ uc"ya'

7 i

, 7
Oru® 4P 421 / —mal | Oy ® e spy s .
Oru® AP 62" sp1 0 p-chu® A% /co[u(‘),AP,¢“;P] ap.cqu®, A%

there the maps I and I' are the identity maps. The map My o is defined
3

7ith the aid of the following theorem.

'HEOREM 5.1. Let the pseudoconvex open set Q satisfy (3.2) and (3.3), let

‘he covering U(l) be given as in section 6.1 and let ¢* be a plurisubharmonic
unction on Q. Then there is a K > 0 and positive constants N and M depend-
ng on the matrix P with polynomial entries, such that for each sequence
Kk}:=1 there 1s a sequence {Mk}:=] so that for every h ¢ CO[U(IZAE¢G;P]
nth Hhﬂu’k < K there is a function v e AQP and a g € CO(U(I),Aq) with




OION
S

with
1
2 a z
Iv(z)l® exp~-2¢ (z) da(z)| <M, k=1,2,.00 ,
N,M,K M

o

re the plurisubharmonic function ¢; M.K is determined by (3.5) and (3.6).
nhe CO(U(I),AP,¢Q;P), z.e, {Kk}:=l 18 bounded, (3.2) and (3.3) need not
satisfied and {Mk}:=] s bounded too.

Choose N, M and K larger than the constants N, M and K of theorem 5.1
also larger than N, M and K of the next theorem. With these N, M and K
¥
for each a ¢ A a' > o be such that ¢§ M.K < ¢a+Aa for some constant A%
3443

¥
n for h € Co[U(]),Ap,¢a 3sP] define

2) My 0L.(h) =v

theorem 5.1 with a replaced by a'. It follows that My of is continuous,
3

ause the space between the braces on the right hand side of (5.1) is

nologic. That (5.2) is a good definition follows from the following

orem.

OREM 5.2. Let the pseudoconvex open set  satisfy (3.2) and (3.3) and let
be a plurisubharmonic function on Q. There are positive N and M (depend-
on the matrix P with polynomial entries) and K, such that for each

© B o .a‘p .
uence {Kk}k=l there 1s a sequence {Mk}k=1 so that every f e H[Q;¢ 1° with

. . _ o, q
o,k < Kk which can locally be written as £ = P g, 8, € A(w)*, w cc Q,

Uw, can be written as £ = Pev for some v ¢ H[Q,¢B]q, where ¢B = ¢; M.K®
3 ?
h
N,M,K def - .
"V“C{_’k —r "V“B,k < Mk 3 k ],2,... 5
2 the plurisubharmonic function ¢; M.R s determined by (3.5) and (3.6).
3 3

sover, when h ¢ H(Q;¢a)p, {Kk};=l 18 bounded, (3.2) and (3.3) need not
satisfied and {Mk}:=l 18 bounded, Z.e. v € H(Q;¢B)q.
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Furthermore, that I g = U .
asa 0,0

-heorem 5.2 and that I' |, = X ou ; follows from theorem 5.1. Hence,
a,a o 0,0

the diagram is commutative, so that the ma1:vs'{>\OL}0LEA define the map A and

° Au,, follows from theorem 5.1 and

the maps ua,a' define the inverse A_l. -
In the next section we will give the covering U and we will prove
theorems 5.1 and 5.2.
In Ehrenpreis' formulation a function on W satisfying all the bounds
is extended to one global function satisfying all the bounds at the same
time. Here, there is no problem in the semilocal extension, but the passage
from semilocally defined functions satisfying all the bounds to globally
jefined functions yields different global functions for the different bounds.
ihrenpreis requires more conditions and in fact, his result is too strong,

as the weaker fundamental principle, formulated here, satisfies quite as

vell.

5., PROOFS OF THEOREMS 5.1 and 5.2.

5.1. Coverings

) _ () -
ut = {uy }ielx, A=0,1,2,... of the

pseudoconvex open set Q that satisfy the following properties:
6.1) (i) every uM W
(ii) there is a positive integer L such that more than L distinct

We construct open coverings
is pseudoconvex and U

cc Q3

. A . .
sets 1n U( ) have empty intersection;

)

(1i11) the size of Ui satisfies
diam Ui*) < min(b4™"d,B4 "],
. . ) ) .
where d. is the distance from U. to 3Q,and U. contains
i l(A) i

a cube whose side for any z € Ui satisfies

side > min[a4 d(z,0%), A4 M7,

for some constants a < b and A < B;

(iv) for each u U(U+1) is a refinement of U(U) and, moreover,

each UFU) € U(U)
()

i

N .
enlarged 2" "times with respect to some

is contained in some ng) € U(A) f

center in U or every




A =0,1,...,u~1; denote the map p between Iu and IA with

p(i) = j; by Py’
(v) there are positive integers LA y depending on A and p (u > 1)
3
such that for each j ¢ IA there are at most LA " indices
3
i e Iu with pk,u(l = j, k:=1’2""’LA

k) ’]J.

(o]

When Q = kg Qk satisfies (3.2) it follows from property

(iii) that
ey

(vi) every set in

where 2 = 2(k) > k depends on k.

that intersects Qk is contained in some Ql,

The essential idea for the construction of U(O) has already been used
WHITNEY in [15], which can be found in HORMANDER [5] too.

Divide €" into a collection of closed cubes with side I (such that
vertices form a rectangular lattice), select those cubes in Q whose
tances to 2° are larger than the length v2n of their diagonal and call
s collection UO. Divide the remaining cubes into a collection of cubes
side }, select those cubes in 9 whose distances to ° are larger than

n and call this collection Ul. Generally, when the collections

U],...,Uk_] have been defined let Uk consist of those closed cubes with
e 3 that are not contained in the union of the cubes of tgéuz, but that

contained in Q and whose distances to 9° are larger than v2n/2 . Then

= U U covers 0 and a cube in Uk can intersect cubes of U, only if

T k=0 'k )
k-1, k or k+1, Hence Ué satisfies property (ii) (with L = 22n) and

perty (iii) (with A = 0, A= 1, B = V2n, a = 1/(4/2n) and b = 1).
Define a map a on Ué by mapping Ui € Ué to the enlargement of the

erior of Ui with a factor 3/2, the center kept fixed. Finally, define

u® o (@ | U§0)==aU!, Ul e U'}.
1 1 i i 0
is still true that Uio) n U§O) # @ if and only if a_]UEO) n a_1U§O) # 0.
ce, the open covering U(O) of @ satisfies properties (i), (ii) (with

22™) and (iii) (with A = 3/2, B = /2n3/2, a = 1/(3/75) and b = 2)

A =0,
©  ,0-D

Now let U "7,..., be defined with the properties (i), (ii), (iii),

) and (v) satisfied and let each U(U) consist of open cubes Ui“), such




che collection UL of the closed cubes a—]Uéu) covers Q, u=0,1,...

: Ui as the collection of all the closed cubes obtained by dividin

7
:ube in U)\_1 into 42n closed cubes. Then define
uP =g | M o all, U! e U'}.
1 i 1 1 A
clear that U(A) satisfies properties (i), (ii) and (iii) and it

‘ies (iv), since 2 times a cube ng) € U(A) is contained in the cu

e U(A_l), when a—lUik) is one of the 42n cubes a_lng_l) had bee

:d in. Hence (v) is satisfied with L = 42n, so that L =

1)p—k AsA=1 Ay

some Lemmas
'he following lemma is an extension of theorem 4.4.2 in HORMANDER

6.1. Let Q be an open pseudoconvex set, let {Qk}:=1 be an increas
ice of subsets of Q satisfying (3.3) and let ¢ be a plurisubharmon
.on on Q. For any sequence {Kk}k=1 there 18 a sequence {Mk}k=l suc
‘or every (0,q+1)-form g with locally square integrable coefficien
‘th 3g = 0 there is a (0,q)-form u in Q with locally square integr

cients, so that du = g and for every k = 1,2,...

IA

f lu(z)1? ER22802) 43 (5) < u2
(1+021%)
e

led that for each k

J Ig(2)1? exp-26(2) di(z) < K.

o

IN

n the above formulation theorem &4.4.2 in HORMANDER [6] says that
1 is bounded when {Kk};=1 is bounded, while (3.3) need not be
ied (in fact, if Kk = K, then Mk =K for k = 1,2,...).




OF., Let x be a convex majorant of the nonnegative function ¥

{ 0 for t < 1

k+1 _ 2

max[0, log(2 Kk+l)] for k < t < k+1, k=1,2,..

n ¥(z) g§£ x(o(z)) > 0 is plurisubharmonic in Q, so that we may apply
orem 4.4.2 in HORMANDER [6] in the domain 9 with the plurisubharmonic
ction 2¢+2y. This yields a (0,q)-form u in Q with du = g and with for
h k

f lu(z)l 2 EXR220(2) 45,y o

N
(141 21%)
e
< 2x() J la(z)l2 exp(—2¢(z);25(2>> dr(z) <
(141 212y
L
< o2x(K) f lu(z)1? SXRE20(2)-20(2)) 45,y <
(1+1212)2
Q
<

< o2x(K) J Ig(2)1? exp(-26(2)-2¢(2)) dA(2)
Q

< o2x (k) { J 3 f } lg(z)l? exP(—z¢(2)—2w(z)> dr(z) <
g RN\
m
< e2X(k) {Ki + 7 ]/22+1} = eZX(k) {Ki + l/Zm}
2=m

arbitrary m ¢ {1,2,...}. So we may take Mk = eX(k) K?+1/2. 0

It also follows that, if {gn}:=1 is a sequence converging in every

o . .
n .l to zero, {un}n_ converges in every norm to zero. This follows

k 1
n the continuity of a bounded map from a bornological space (here a
chet space) into another locally convex space, too.
The following lemma is an extension of proposition 7.6.1 in HORMANDER

. The proof follows the same lines, only here one has to look more
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carefully to the estimates near the boundary of Q.

LEMMA 6.2. For each sequence {Kk};—l there is a sequence {Mk}m_ such that
) o - . k=1 .
every cocykel c e CPLU'Y A, ¢ 1, p =21, with Hc"a K S Kk can be written as
¢ = oc' for some ¢' e P IuUM) A 687 with Nen | pot Iet N0 <y pon
3

every k, when

B,k

05(2) = oy 4 (2 = 0%(2) +N Tog(1+l2l?) + Log(1+d(z,2%) ™,

where N = M = minlp,nl] and when the pseudoconvex open set Q = kEISH(satis—
fres (3.2) and (3.3). Moreover, when'{Kk};=] 78 bounded, (3.2) and (3.3)

need not be satisfied and {Mk}:=1 8 bounded.

PROOF. Let Lq be the sheaf of germs of (0,q)-forms with locally square
integrable coefficients and let Zq be the subsheaf of 3-closed forms of
type (0,q). A section c € F(Q,ZO) is a holomorphic function c ¢ A(Q). For
c € CP[U(A),Z ,¢a] with 8¢ = 0 and Hcﬂa K S Kk we want to find a

c’ € Cp—l[U(A),Zq,¢B] such that &c' = c’and Ilc'llB K S Mk, when q = 0.
Assume that this has already been proved for smalier values of p and all gq,
when p > 1, N =M = p and when {Mk}i=l depends moreover on p.

We construct a partition {¢;} of unity subordinate to the covering

) ieI,
u of O satisfying for some constant C
- 2 c?
(6.2) H3V¢i(z)ﬂ <

3
minl1,d(z,0%)%]

where

n
13(z)1% = 7§ {a/azj a(z) ]2,
=

. . 2 .
For example, let x be a nonnegative C -function on €" ~ R n equal to 1 in
the closed cube with center O and sides 1 and with its support contained in

the open concentric cube with sides 3/2. Let the length of the side of
oM ¢ y®) o)

be 3/28i and let the center of Ui

Z—Zi
xi(Z) = x< g )

1

be zZ:s then define

and let




xi(Z)2

2
o x.(2)
jeIA J

¢i(Z) =

'ty (6.1)(ii) for each z not more than L terms in the denominator
'om zero and since U; covers  at least one term equals 1. Hence,

lows from this and from property (6.1)(iii). Furthermore, ¢i has
)

rt contained in Ui .

S € IE we set

Cp[U(A),Z ,6%1. Using ). ¢.= 1, by computing we find Sg = c,
q i'i
. Furthermore, writing ¢i = V¢i /$; and again using Zi ¢i =1

unction y we find

lg ()17 exp-2y(z) di(z) 228 1g 12 <

s Y,k ~

M)
US an
) f ¢;(2) "ciS(Z)"2 exp — 2y (z) dr(z) <

leIA U(A)QQ

s k
2
leIA

g up for each k we get

Il ol < el
8,k ¥,k

1 that the right hand side is finite, hence g ¢ Cp_l[U(A),Lq,w].

dg = f be defined by

_s = i} = p
g =dgg= L %0y acy =2] 5G4 ne ), sely.
leIA lEIA
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This yields

2

g 19:1.0 .50y 15/57 e, ||° 1,0

s a,k . ask
IGIA

and by summing up, in virtue of (6.2) for every k we find

0,1,0
"f"a,k < ZCIlclla,k < 2C K s
p=1-,(0)
so that f ¢ C Lu ,Z +1,¢0,1’0].

Now &f = 36g = 3 =0, If p > 1, by the inductive hypothesis (note,

that ¢ is plurisubharmonic because Q is pseudoconvex) there is a

p—2.,,(})
€ € ULt p,0

N,M,0

cochain f' ] with 6f' = £ and with for every k

"fvup 1’P9 < Mk
1 [ee]
where the sequence {Mk}k i depends on {2C Kk}k 12 hence on {Kk}k=l° B
lemma 6.1 second part (theorem 4.4.2 of HORMANDER [6]) and by property
(6.1)(1) for every s € Ig—l there is a (g')S € F(Uék),Lq) so that
a(g")g = (£ in U( )
0

0 ‘ -1
I eI " < hen 1P >P
Qa o

By summing up and by property (6.1)(vi) we get

1 PsPs0 1 P-1,0,0 _
g ua’k < £l o, 2.0k < Mz(k) R

-2.,,()) a
so that g' ¢ CPTLU\Y,2Z 1.
& ¢ *%q*%p,p,0
Finally, set c¢' = g-8g', then for every k = 1,2,... (6.3), property

(6.1)(i1) and the above estimate yield

1 PsP,0 P>P,0 — 1 PsP,0
letl ps ucna’k + p/T=p+1 lg'l gt

Oy

def
<Kk+p'LP+ Koy =— Yo

BIBLIOTHEEK MATHEMATIEGH Crarres

_ARACTERED AN e -




‘thermore, &c' = 8g = ¢ and 3c' = f-83g' = f-8f' = f-f = 0, hence
=1, (})
ct ut,z 1.
© q’¢p,p,0
It remains to consider the case p = 1. The fact that 8f = 0 then
ns that f defines uniquely a (0,q+1)-form f in Q with 3f = O. By lemma

there is a § € T(Q,L ) with 38 = f and a sequence {M&}:=1 depending on
‘ Kk}k i with

J Ig(z)l? ele’;"-“” — a2 M7, k= 1,2,...
(1+lzl %) (1+d(z,07) )
Q
k
ting (c')i =8 - QIU(A) we obtain a cochain with the required properti
1

ing property (6.1)(ii) in the estimate for the cochain {gIU£A)}ieI
In fact, there are not more than n induction steps, because
(0,n)-forms g satisfy gg = 0. Therefore, the estimates hold already
n p is replaced by min[p,n] and the sequence {Mk}:=l may be taken
ependent of p.

The second part follows from the second part of lemma 6.1 in case

1. [

The next lemma is Cartan's theorem B with bounds, it is an extension
theorem 7.6.10 in HORMANDER [6]. Let F be either the sheaf of relations
P on Q, thus F = Rp or the image under P of the sheaf A, thus F = pAY,

MA 6.3, There is a K > 0, for all polynomial matrices P there are
itive N and M, for all nonnegative integers X there is a u > A (depend-
moreover on P) and for each sequence {Kk}k=] a sequence {Mk}k=l
pending moreover on A and P), such that every cocykel
Cp[U(A),F,¢a], p =21, with Hfﬂ Kk can be written as 6f' =
e. (8f')g=1£f , with s' = (s) fbr s € Ip ) for some
1 s 8 °2s not N,M,K
e cPTru®) F 0BT with HErl (Fd ok S Mo when the pseudoconvex

Bk

n set O = kUI Q, satisfies (3.2) and (3 3) and when ¢ = Oy M,k *°

plurisubharmonic function given by (3.5) and (3.6), where

oxu

ts a plurisubharmonic function in Q. Moreover, when {Kk}:=] 18 bounded,
2) and (3.3) need not be satisfied and {Mk}:=1 s bounded.

OF. In HORMANDER [6] proposition 7.6.5 it is shown that for each

-matrix P with polynomial entries there are a number 0 < § < 1 and
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constants C, N and N' such that, when S denotes the unit cube (actually in
HORMANDER [6] the unit ball is used, but this only changes the constants),
for every 0 < € < 3/2 and for every u € A(S+z/e)q there is a v ¢ A(6S+z/e)q

with

P(ew)v(w) = P(ew)u(w), w e 6S+2z/e,

and with N
" _N ! N
sup viw)l < cCce (14l z/el) sup IP(ew)u(w)l.

wedS+z/e weS+z/¢e
Actually this is formula (7.6.5) of HaRMANDER [6] and it follows from the
proof given there, that the constants §, C, N' and N can be taken indepen-

N

dent of ¢, if we write Ce N in the above estimate. Therefore, by shrinking
the variable w with a factor €, we find again constants C, t> 1, M and N

such that for 0 < n < 3/21:-_1 and for every u «¢ A(tnS+z)q there is a
vV € A(nS+z)q with

P(w)v(w) = P(w)u(w), WenS+z

and with

~

sup  lvan)l < cn ta+iznY 1P (w)u ()l .

wenS+z watng+

Now we change this estimate into one with Lz—norms. Let V € U(U)
choose v > y so that 2VTH s 4 and let UJ € U( v) be such that p (J)
We write Uj with center zj and sides nJ as UJ = nJS+z . Since
x'lUj c a']Vi we have tUj = tan-+z. c {z | lz-z"l sldiama-lVi+diamUj} for
any z' ¢ U; and by property (6.1)(iii) tUj c {z | lz=z'l <
(%u+l+£v)min[bd(z',Qc),B]}. Therefore, in view of (3.4), b = 2, B = /2n 3/2,
1 >0and v > 2 we take K = max[log 8/3, 15/32 V/2n] obtaining

I\

tUj c{z | ze S(z';E)}, z' € U..

A\lso, for z ¢ (t+])Uj there is a z' ¢ tUj with lz-z'l < diamUj, hence
similarly to above
S(z";K)

etU.

(t+1)Uj < U J

7ith K = max[log 8/7, 3/32 V/2n']. Now for a plurisubharmonic function ¢B,




r N] = §/2-+(n+l)/4, Ml = M+n and K] = K+K define the plurisubharmonic

nction ¢§] My K by (3.5) and (3.6). In virtue of WLOKA [16] conditions
2 2

1 and HSZ’ property (6.1)(iii) and (3.8) we get

[ fllv(w)!l2 exp-—2¢§ g () dA(W)]E <
1

’M 9
Uj 1°71
W M+n
n.
J I -8 o =
= Cl( 2 ) wel el exp =455, 0,0k ™ <
W4)
N
1+l z 1
< C. (u)nt su ZJ su IP(w)u(w)l ex -¢B =(w) <
= Vg HINg P T+l ) P P~ %0,k =
waan+zj WthJ.S+zj

IA
Ni—

p
C3(u)[J llP(w)u(w)“2 exp-2¢8(w) dk(w)} ,

V.
1

ire in condition HS2 (see WLOKA [16]) the radius dz of the polydisc
:,dz) is taken dz = nj for every z ¢ tan-sz, so that the constant there

vends on ngn and where
{w | WeZD(Z,nj), zeﬁtan+zj} c (t+1)an+zj c Vi'

Conversely to the last lemma this lemma is proved by induction for
reasing p, since the lemma is true for p > L (see property (6.1)(ii)),
ause there are no non-zero cochains f ¢ CL[U(A),F,¢a]. Thus assume that
+ lemma has been proved for all matrices P, when p is replaced by p+l

when the constants K, M, N, u and {Mk}:=l depend moreover on p.

In case F = RP there is a polynomial matrix Q, such that F = QAr in
tue of lemma 7.6.3 in HORMANDER [6] and we can write f e Cp[U(U),F,¢8] as
= Qgs where g ¢ CP(U(U),Ar). Here ¢B denotes ¢$',m"ﬂn"' for some m',
and m"", In case F = PAY we write Q=P and r = q, then also f = Qg
h ge CP(U(U),Ar). Let v > u-rzlog(t+1). From (6.4) we obtain a cochain

CP[U(v),Ar,¢§],M1,K1] with Qgs = Qgsv = fS, where s' = e, v(s), hence

3

vf = Qg and with
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N, ,M, ,K
Ig | e

. < Cy(u) If I

g

Since (3.2) holds property (6.1)(vi) is satisfied and it follows from this

property and from property (6.1)(v) that for every k there is an 2(k) > k
with

N,,M, ,K

gt 11

p+l not _,

IA

shen 6f = 0, 8Q§ = QS5

P+, (V) 8
P U sRos 0Ny My, Ky -

0, whence 83 = ¢ is a cocykel in

By the inductive hypothesis we can find u' > v, N' > 1, M' > Ml’
' > K;, a sequence {M'}. belonging to {(p+2)vL-p-1 Ky };_. and a cochain
ey g 8 < K] " e
1 P H = IN',M',K v
' e CPLU RQ’¢N' M, K'] with é&c’ Pou® and lc "8,k < Mk'
We set gy = pv u,g - ¢'ecPrutu”) ,AT, ¢B, K'] so that Ggo =
. * _x = . e
Py, S Py, e 0. According to lemma 6.2 there is a sequence {Mk}k=l

>elonging to {(L )p ! Kk+Mk}k . and a cochain

p=1., (u') Y2 NZ’M .K'
7' ] "
' e CT LU A ,¢N2 Mo, g'] with sg’ = g, and g "B,k < M for some
I, >N'" and M, > M'.
2 2 1o

Finally define £' = Qg' ¢ c? '[u'V F ¢N2+N3 My, 5:] where N3 depends
m Q. Then §f' = Q8g' = ng = pv Qg = ,pu vf = pu,u +f. Furthermore,

‘or every k

N, +N_,M K' N..M
2737200 g 22t

7
7 "
8,k 8 lg k <C M =M.
lere {M’k}k ; depends on Q, u, v, u', p and {Kk}k 12
' (since t depends on P) and p' on v; N depends on Q; N, and M, depend

3 2 2
n p by the inductive hypothesis and on P, since the constants N and M

HE*N

but v depends on u and

epend on P; Q depends on P; C' depends on Q; K' depends on the number of

,m ’m'|'
nduction steps and finally {Kk}k | L3k }k=1'

owever, there are only finitely many induction steps, so that we can take

depends on P and on {Ilfllm

he largest of all the constants. We start the induction with p =L, p = A,
! =m" =" = 0. Therefore, the lemma is true for all p with constants
Mk}:=l depending on P, XA and {Kk}:=]; N and M depending on P; p depending
n A and P; and K fixed.

Moreover, whenv{Kk};=1 is bodnded, i.e. in the above proof we do not

se (3.2) and'{Kk} is bounded, it follows that'{Ml'(}k=1 is bounded and by




ma 6.2 (3.2) and (3.3) need not be satisfied and'{Mﬁ} i bounded.
1ce (3.2) and (3.3) need not be satisfied and {Mk};;1 mded. O

3. Proog of theorem 5.17.

Let F be the sheaf PAY. We can estimate the cocykel 'h in terms
h, then Ifl ek S VL1 Kk and f ¢ C [U(l) F,o%1. Accor 0 lemma 6.3
’
:re is a cochain f' € C U(U) F, ¢ ] with §f' = p . a sequence
N,M,K N,M,K 1,
'} with Hf'H < Mk for some py, N, M and K.
% (W) ot

For every i ¢ Iu and z € U
= — ]
vi(z) hj(z) fi(z)

a;re j = Plu (i). Then 8v = p] Sh-8f' = p1 f- p1 f = S {vi | ie Iu}
ermines a functlon v € A(Q)p. Furthermore, using prop 6.1)(v) for
:ry k we obtain

f 2 a :
[J v (z)I exp-—2¢N,M’K(z) dA(z)} <

Qk
N,M,K N, M K
< Myl 722%™ < I nl ' < s
A R TRTIR X
reover, if {Kk}i=1 is bounded, (3.2) and (3.3) need no atisfied and
:}k=1 is bounded, so that {Mk} is bounded, too.
For s € Il’ let I'(s) < I be the set of those 1 ¢ h
ggi Ui“) n U(l) # @, For each ie I'(s) and z € V we

v(z)—hs(z) = hj(z)-fi(z)—hs(z).

.s 1s a holomorphic function in U(l) and since hj--hS € )erél),F)
1 also f' € F(U(U) F), we obtain
_ (1)
v U(l) hS € F(US ,F).
s
1ce the sets Vi and Uil) are pseudoconvex (property (6 ), Cartan's
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theorem B yields

v h e P-F(U(l),Aq),
S S

Neb -
S

that is v h, = Peg for some g € CO(U(I),Aq), 0

ey
S
6.4. Proof of theorem 5.2.

From Cartan's theorem B it follows that for every i ¢ I, f = Pgi in

0
Uio) € U(o) with g ¢ CO(U(O),Aq). Let v 2 2log(t+1), then as in lemma 6.3

. . 0., (V) ,q .a . - . v)
(6.4) yields a cochain g ¢ C [U""/,A ’¢N1,M],K1] with ng = f in Uj for

each j € Iv and with

~ NI’M]’KI
lg.l

| .
Ty < C3(0) I £ m,

po’v(J) a

where f is regarded as a cocykel in Co[U(O),Ap,¢a]. Summing over j and

using properties (6.1)(ii) and (vi) for each k we get an 2(k) > k with

N.,M. ,K
1°71 not
sl !
gla’k < CB(O) L0 K

< CB(O) LO,v £l v Ky — .

a, (k)

Consider the differences c of the functions gj in the overlaps of the

sets U§V) for j ¢ Iv’ i.e. ¢ = 8g. Then
Ntk
I vVL-1 K!
C“a,k < 2VL-1 Kk

and Pc = PSg = 6f = 0 and also Sc = 0, hence c is a cocykel in
A1, (v) o
S LU Rps 0wy Ly,

According to lemma (6.3) and (3.8) there are u > v, N > N], M>M

< > K,, a sequence {M'} (depending on {2V/L-1 '}w_ ) and a cochain
1 k=1 k=1

2! e COEU(“) ¢a ] with 6c' = p° ¢ and with

- ’RP’ N,M,K Py,

2

]!

e N>MK

a,k Mé ’
(u)

, wWhere
s

Finally, for every s e Iu we set vs(z) = gs,(z)—cé(z) for z ¢ U

5 = o, u(s), which defines a function v ¢ A(Q)q, because 6v =
3




Sg— ¢ = 0, that satisfies for every k
p\)’u g p\),l-l s y

f 2 o %
[ J lv(z)l“ exp - 26y . x(2) d%(z)] <
LQk

N,M,K N.M.K
< vl <L g™ ™™ 4+ M' <
M a,k V, U & ask Mk

def
7
< Lv,u Kk —_— R

© . 3 . ' oo .
If {Kk}k=1 is bounded, (3.2) need not be satisfied ind {Kk}k=1 is
unded, hence also (3.3) need not be satisfied and {Mi}k=l is bounded,
that {Mk}:=l is bounded.

Furthermore, for every s ¢ Iu in U

(w)

s

we have

= = P35 —-Ppr' =
Pv va Pgs, PcS f. J

EXTENSION OF THE EHRENPREIS-MARTINEAU THEOREM TO NON-ENTIRE FUNCTIONS

The theorems of this section establish the isomorphism between the
aces of analytic functionals carried by closed convex sets  with respect
some class of open neighborhoods of Q and to some class of weight
nctions on these neighborhoods and the spaces of functions f of exponen-
al type a(z) holomorphic in open convex cones C in ¢". The class of
ight functions on the neighborhoods of Q determines how f behaves near
2 vertex of C and conversely. The convex set Q itself determines the
1e C and the type a(z) and conversely. These theorems extend the
renpreis-Martineau theorem (cf. EHRENPREIS [37] and MARTINEAU [11]), where
is bounded and C = C".

In particular we may take for the convex open cone the open cone
g§£ RMicC c ¢”, where now C is a convex open cone in R". In that case
ictions f holomorphic in TC may have bdundary values on R" 1like

stributions, ultradistributions or hyperfunctions depending on the growth

f near the vertex of C. We recall these various cases (cf. KOMATSU [10]).
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Let g be a positive convex Cz—function on D?F with g(0) = = and

= 0, let {Ck}k ; be an increasing sequence of compact subcones of C
union C. Then f, holomorphic in TC, has a finite order distributional
dary value £(x+i0) if and only if for some m and every k f satisfies

) |£(z)] < K expmgyl), Ixl <k, yec, Iyl <1,

k,
-1

g(p) = logp .

When g(p) is an arbitrary convex function steeper than 1ogp—] for p

1 a holomorphic function f in R"+i C has a "finite order" ultra-

ributional boundary value of Beurling type if and only if f satisfies
Vk,3dm = m(k), V2,3K = K(k,2):

) |[£(z)] £ K exp g(—l—\' Ixll < L, y € Ck, "y" < 1;

Mes s " .. 1) )

finite order' means that m is independent of 2 °. A function f holo-
hic in R"+i C has an ultradistributional boundary value of Roumieu type

nd only if for every k f satisfies

) [£(z) | < K_k exp((k,"y"), Izl < k, y € Ck, Iyl < 1.

1 ultradistribution f on R"™ of Beurling type is an element of the dual
E a space of C®-functions ¢ with compact support satisfying for every
> 0 and every p = 0,1,2,...

0) sup_ D6 (x)| < K(h) hPM_, la| = p,
xeR" P
>r a certain sequence {M_} = of positive numbers.

w £ satisfies: for ever? gompact set K in I]R? there is a h = h(K) > 0
ich that for all ¢ satisfying (%) with support in K

[0
ek ) |<f,¢>[s C(X) sup JELQLELL .
wxnlth
a

1ying that f is of "finite order'" means that h in (**) can be taken
1dependent of K. Here g(p) = log sup pPp! M9/M , cf. KOMATSU [10]1.
p




inally f determines a hyperfun

.e. if an only if for every k
7.4) £(2)] = K,

nd £ determines a Fourier hype

satisfies
7.5) |[£(z) ]| < Kk exp 1/k
2en g(p) = Q_l/(s_1)3 s >1,t

1 the Gevrey class of order s

We will derive three types
ying (7.1), (7.2), (7.3) or (7
11 x ¢ Hfh secondly for Ixl <
>lomorphic in arbitrary convex
rowth conditions near the vert
1e last case one cannot speak
bundary. The various cases (7.
aparately.

Now we determine the behav
n-dimensional real space IR2n
convex function in TC = R+

atermined by its values on pr

a(z) = Izl a(z/lzl).
1en moreover, f has to satisfy
7.6) [£(z) | < Kk exp a(z)

. n
A convex open cone C in C
determine a closed convex set

™' by (£,n) <> ¢ = &+in, by

satisfies no condition at all,

"k, yeC 1/k < Iyl < 1.

1(’

ee KAWAI [7]) if for every k

n

Ry, yeC 1/k <y < 1.

k’

ributional boundary values are
ly.

concerning functions f satis-
not only for lxl < k, but for
ly concerning functions f

c” satisfying the same kind of
7.1), (7.2), (7.3) or (7.4). In
values on the distinguished

7.3) and (7.4) will be treated

r Izl large. Regard C" as a
<> (y,x). Let a(z) = a(y,x) be
s of degree one, i.e. a(z) is
| Bzl =1}:

C
arge, z ¢ T k.

x homogeneous function a(z) in

', which is identified with
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Q Dot 2(a,C)

{z | - <(&,n),(y,x)> < a(z), zeC} =

{z | - Im z-z < a(z), zeC}.

z) can be continuously continued to pr C, then C and C determine the
convex set Q.

Conversely, each closed convex set  in (]Rzn)' determines an open
iibly in some linear subspace of IRzn) convex cone C in IR2n and a

'x function a(z) in C homogeneous of degree one by: let for z ¢ IR2n

‘or some real number a H(z,a) be the affine half space in (IRzn)'
H(z,a) = {¢ | - <g,2> < a};

C is the interior (possibly in some linear subspace of ]Rzn) of the

f all z € ]R2n such that Q c H(z,a) for some real number a depending

and

a(z) = sup - <g,z>.
Ce

|

that when z = x+iy and ¢ = &+in

Il

<C,z> Im z-C.

Saying that C is open in ¢ (hence, that C is not contained in a proper
r subspace) is equivalent with saying that O does not contain a

ght line. Furthermore, when C is an open convex cone in R" and when
defined in TC, can be continued to a continuous function on nf%&.ﬁk,
C, i.e. a(0,x) exists, then Q(a,TC) is bounded in the imaginary

tion, namely

2(a,T%) < {z | Inl < 0FE, 200,007

The weight functions on the neighbourhoods of & are determined by the

ion g as follows: for o > 0 let




7.9) g" (o) = min (g(p)+op),
p>0

hen g* is positive, g*(O) =0, g*(m) = ® a

or each 1t there is a positive constant CT

7.10) g*(c) < T0+CT, o> 0,

ince

7.11) g(1) = max (g (0)-10).
a>0

ndeed, consider the function

g(t) = max {gigfg(p)+0(o—1)]}»
he minimum is attained for p satisfying g’
positive decreasing function, this determ
o/do = =1/g"(p). Then the maximum is attai
g'(p)/g"(p)+p-1=0/g" (p) = 0 and together w
= 1 and 0 = -g'(1). Substituting these va
(t) one obtains g(t) = g(t) for every Tt >

Depending on whether f satisfies (7.3)

> satisfy:

7.12) vt >0, WM >0, 3t'>t¢t, 3A =
r

7.13) ve! >0, WWM>0, 3t,0 <t < t'

> that for every 0 < p <1

7.14) g(t'p) +Mlogp | < g(tp) +A.

1 view of (7.9) and (7.11) these condition
»nditions for the function g*, namely when

ich that for every o 2> 1

7.15) g*(-Eg,—)+Mlogc < g*(%)+A.

" is a convex function.

‘hat

= 0 and since -g' is
as a function of o with

r 0 satisfying

-g' (p) this yields

=}

the square brackets of

'+2) the function g has

=AM, t")

equivalent to similar

) or (7.13) is satisfied
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ase f satisfies (7.1) g(p) = 10g(1+p_1) and g*(o) satisfies

1+0) < g* (0) < log(l+c) +A, where A = l+log2.

Finally, it is possible to change the functicns g and g* harmless in

r to get plurisubharmonic functions. For, there are a vector zq € pr C,
ctor gy € Ppr C*(C* = {¢ I <f,z>20, zeC}) and a constant 6,0 < § < 1,
that for every z € C

szl < <Ty»2> < Izl

for every ¢ ¢ Q(a,C)

A

szl < <z,z >< N,

0
afore, in the sequel we may take g(t Im z-co) instead of g(tlzll) and
Im zo'c) instead of g*(tﬂgﬂ), but now g(t Im z'go) and -g*(t Im zo'c)
plurisubharmonic functions in C and Q(a,C), respectively. Hence,

rem 3.1 may be applied, because (7.14) or (7.15) yields (3.7) or (3.12).

Ulthadistributions of Roumieu Zype

In this section the Ehrenpreis-Martineau theorem is extended to

tions f holomorphic in tubular radial domains satisfying (7.6) and

1g ultradistributions of Romieu type as boundary values, i.e. f also
sfies (7.3). At the same time the theorem is extended to functions
norphic in arbitrary convex cones in c” satisfying an estimate like

) near the vertex and satisfying (7.6) for lzl large.

Let C be an open convex cone in ¢" or when we write TC = IRn+iC,

10tes an open convex cone in R" and let a(z) be a convex function in C

~

” homogeneous of degree one. Furthermore, let B, be the closed ball

k
™ with radius k. Then define the space
6) Expla,C;g] = proj H_(C, ; g(klzl)+a(z)+1/klzl)
k> pk

. . . . . . C .
in case we consider functions in the tubular radial domain T define

C . ~
={z | ye C.» Ixl < glyl} and le = {B, +iC } U Cp,p» and let




7.17) Exp[a,TC;gJ = proj H (TCk;g(kllyll)+a(z)+1/k|lz||),
k> P k
f in the last case a{0,x) exists, it will be shown that (7.17) then equals

7.18) Expla,TC;g] = proj H_(R™iC ;g klyl)+a(z)+1/klzl).
k>® P k
hen g satisfies (7.14) for (7.12), these spaces are independent of

e {1,2,...,»} as are the following spaces
7.19) A(a,C;g") = ind H_(Q(a+1/k,C, );-g (Izl/k)),
k> p k
C, x . Ck *
7.20) A(a, T 5g ) = ind Hp(Q(a+]/k,T )s—g (lell/x)+klnl)
—>00

nd when a(0,x) exists Q is bounded in the imaginary direction and then we

efine

C

C
7.21) A(a,T%;g") = ind H(2(a+1/k,T ky. o (el /K)),

koo
here @ is defined by (7.7) and a+l/k denotes the function a(z) + 1/klzl.
It follows from (7.11) that elz.C belongs to the spaces (7.19), (7.20)
ad (7.21) when z € C or TC. Therefore, we can define the Fourier trans-

>rm F(u) of an element u in the dual of (7.19), (7.20) or (7.21) by
7.22) F) (2) = <u e 5

1e spaces (7.19), (7.20) and (7.21) are injective compact sequences,
>nce their duals are Fréchet spaces and they consist of analytic function-
ls carried by Q with respect to the neighborhoods Q(a+l/k,Ck) and with

2spect to the weight functions exp g*(HgH/k).

iEOREM 7.1. If g satisfies (7.14) for (7.12) the Fourier transformation
7.22) is an isomorphism from the strong duals of (7.19), (7.20) and
7.21) onto the spaces (7.16), (7.17) and (7.18), respectively.

Q0F. It follows from (7.11) that F is a bounded (hence continuous) map




tes Q(

B, +1(

3)

e {K }
P

k/Gk,

4)

e 0 <

riz |

take ¢

.U 1s
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1 of (7.20), into Exp (7.17):

*
€ Ck+1 we have -y°g < —Gk"yHHgH for some 6k > 0 and

el >
‘}CC {¢ [ £ sAk} for p 2 k+2 and some Ak > 0, where Qp
T P); hence using (7.8) for each k, each p > k+2 and
get

.. r
e*? €>| < K_ exp sup [g*<£§£>—pﬂnﬂ—y-g—x-n] <
P Leq, P

j [ *<!§£)— byl el =(petc) Il | *(ﬁk> Ligl
expluzﬁgo g \3 S hylle (p~k)lIn J-+g > +a(z)+p 2l <
Il >0

Kk exp[g(pékﬂyﬂ)+a(z) +%4|ﬂ|]’

determined by the bounded set uy belongs to. Now choose

here is a constant Ké with

%75 < K explg(klyl)+a(z)+1/klzl1, z e B +iC, .

Ikl > 2, hence llyl > 1, we have

eiz'c>| < K expf sup [g*(&§£>-ey-£] + sup [—(l—a)y'é—x-n]} <
p 1CEQP P CEQP

[ [ *<Hgﬂ>_ 1 *<Ak> i L
exPlengLg N sékHyHH€"J+g 7;—+5Akﬂyﬂ+a«1 E)y,x)+p“zﬂf,

may still be chosen. Since a(y,x) is uniformly continuous

y € Ek g}’ there is an e(k,2) such that for e < e(k,?)
b

1
e)y,x) < a(z) + T Izl z € Ck,Q'
,[l/(3kAk),€(k,R)] and p 2 3k, then for z « Ck,%’ Iyl 21
eiz'c>

| < Kk . expla(z) + 1/k Izl ].

ment of the dual of (7,21) we proceed as in (7.24).




In virtue of the open mapping theorem we only have to show that F is
ective and surjective. Using the fundamental principle we will do this

the map F from the dual of (7.20) into (7.17); the other cases are
ilar. Therefore, we show that the space A (7.20) comsists just of those
ctions in a space S of C -functions that satisfy the Cauchy-Riemann
ations, where S consists of functions in Qk satisfying the same growth
ditions as the functions of A and where the space H of Fourier trans-—
ms of elements in S' is known.

Let H be the space of functions in 2n complex variables

(91,92) e ¢xg" holomorphic in T(TC), where T(B) for B c C" denotes

"4 i{(y,x) | x + iy € B} c ¢°T,

C
H-—1nd ErOJ Hp, (T(Ty ) g(klIm 6 “)-+a(In1e)+—ﬂInleH+rnlo°(1+H6"))

1 . . . . . .
nfeHHand ImO6 ¢ C, f(Re 6+1 Im O) is a tempered distribution in
. . 2
8and f is the Fourier transform of gg n exp (-Im el-g - Im 6 ¢n), where
b

0 is a distribution in Dé with support in the set (see VLADIMIROV [14.
’

o@a, ™) %L ((e,n) | -m 6'-£-1Im 6%+n < a(Im ©), Im 6 € TC}.

proofs given in VLADIMIROV [14] 26.th.2 do not depend on lIm 6l for
6l small and combining these proofs with (7.9) and (7.11) yields that

s the Fourier transform of the space
el !
S' = ind PrOJ{ (O(E,TC)§“g*<—E~)+k”nﬂ-ﬂllog(1+"§H))1 ;

e wm(o g) denotes the space of measurable functions f in the closed
0 for which the weak derivatives D f exist for |o| < m such that the

m

o > 1/p

[ ) J ID” £(x) exp g(x)]| dx} < e
|o|<m -

when p = «» f must be a C™-function in the closed set O in the sense of

TNEY [15] (here O is convex) with a finite sup-norm, where ~,0 means

t moreover exp g(x) ]Da f(x)]> 0 as x > » in 0, |a| <m.
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Actually, let

) S(m,k) Sef i

n
e a

C
d W?(o(a+l/k,T k);'g*(£§£)+zﬂnﬂ—1nlog(1+HgH))

. * . . . . ..
. is a DFS -space, so its dual is known as a projective limit (see

SU [8]) and let

) Hlm,k] def %foj Hw(T(Tgk);g(kHIm 6ll)+a(Im 0) +
~>-00

+ 1/klIm 6+ mlog(1+leal)).

for every k there is a p > k such that F and F—] are continuous maps

en
) F: S(m,p)' — H[m+n+1,k] and F-]: Hlm,p] — S(m+2n+2,k)’

r deriving this for S-spaces with sup—norms one has to apply the
ding maps from spaces with Lz—norms into spaces with sup-norms and
rsely, see WLOKA [16]).

Now let

A(m,k) = S(m,k) A(Qk), Q= O(a+1/k,TCk),

A(m,k) is a closed linear subspace of S(m,k) and A(m+1,k) is the kernel

e continuous map

) Sm: S (m+1,k) —— S(m,k)".

rtue of KOMATSU [8] theorem 15

) A(m+1,k)' ~ S(m+1,k)’ ~ S(m+],ki;/// s
Alm+1,k)° Im 5;

Im 8; is the closure in S(m+1,k)' of the range of the transposed map




£ (7.28), which equals the weak * closure because S(m+1,k) is reflexive
zf. TREVES [13] prop. 3.5.4). On the other hand, by inspection one
asily sees that the topology of A(m,k) as a closed linear subspace of

(m,k) is also given as an inductive limit over %

I def . L Hg")
A(m,k) = Egg A(m,k)2 Ezg W?(Qk, g < ” +

+ 2linl-milog(1+lzl)) n AR,

ance A(m,k) is reflexive, it is a DFS*—space. Then the space A (7.20)

in be written as

A = proj ind A(m,k).
mre ko>
Since A' is a Fréchet-Montel space, its topology is determined by

* .
qakly converging sequences, denoted by o,s , so that

A' = ind (ind A(m,k))
m>o k-0

1)
0,8 °
ich weakly * converging sequence in (ind A(m,k))' converges weakly * in
—>-00
rery A(m,k)', k = 1,2,..., hence in every A(m,k)é, 2,k = 1,2,... and sin
1e embedding map from A(m,k)zpinto A(m,k+1)2+1 is compact, it converges
:rongly in gfoj A(m,k)'. Furthermore, %foj A(m,k)' is a Fréchet space
00 oo
.t is an FS-space), so that its topology is determined by convergent
:quences. Finally, it is clear that the topology of ind %on A(m,k)' is
m>o

—>0
.so finer than the one of A', so that we have obtained

'.30) A' = ind %foj A(m,k)"'.
m>© k>

Let W = (wl,;..,wn), wj = ie;—ei, then any function f ¢ H[{m+l,p] in
le closure of WeH[m,p] vanishes on the set where W vanishes and in virtu
" theorem 5.2 and (7.14) f can be written as f = w-§ with gezH[m+]+N,k]n
r N sufficiently large and p > k sufficiently large. It follows from
iis and from (7.29), (7.30) and (7.27) that the Fourier transformation F




43

1 isomorphism between

1) F: A" — ind %fojIH[m,k]
m>® '+°°1 >
Hlm,k1 n WeH[m,k]

-

= is clear that H = %Ed %foj H(m,k] induces on the set where W vanishes
-00 —>00

zopology of the space (7.17). Now the theorem follows from the fun-

ital principle, theorem 3.1, although this is not needed in its full

. 82} is very simple,

rality: since the variety V = {(81,62) | ie
wilar process as in theorem 4.4.3 of HORMANDER [6], now with lemma 6.1
.ed instead of HORMANDER [6] theorem 4.4.2, yields the extension of
iction in the space (7.17) to a function in any H[m,k], k=1,2,... with n
.ciently large, hence the surjectivity of F. The injectivity follows

theorem 5.2. [J

In case a(0,x) exists, Q(a,TC) is bounded in the imaginary direction,
: the spaces (7.20) and (7.21) are equal, so that also the spaces
') and (7.18) are equal.

Hypergunctions

In view of (7.10) this section is in fact the limit case of section
as g becomes larger and larger. Only here we get a stronger result,
y we obtain analytic functionals with respect to e-neighborhoods.

Let C(k) = C, n {z | Izl > 1/k} and let

k
) Expla,C] = %foj H (C(k);a(z)+1/klzl)
—>00 P
hen we consider functions in TC, let Tg(k) =T§kr1{z | Iyl >1/k} and let
) Expla,T°1 = proj H (1°®),a(z)+1 /Kl zl) .
k> P k

(7.33) a(0,x) exists, this space reduces to

) Expla,TC] = proj H(R™i C(K)3a(2)+1/kl2l).

k>

spaces are independent of p, as are the following spaces:




.35) A(a,C) = ind HP(Q(a+]/k,C);-1/kH;ﬂ),

koo

.36) Aa,T%) = ind Hp(Q(a+]/k,TC) s=1 /Kl £l +kl nll )

k>

d when a(0,x) exists
C . C
.37) A(a,T )==ind Hp(Q(a+l/k,T );=1/klel).
—>c0

Also here the collection {elz'C}z€

c of functions in ¢ belongs to the
aces (7.35), (7.36) and (7.37), where C' is C or TC, and the Fourier

ansformation F can be defined by (7.22).

EOREM 7.2. The Fourier transformation (7.22) is an isomorphism from the
rong duals of (7.35), (7.36) and (7.37) onto the spaces (7.32), (7.33)
d (7.34), respectively

OOF. The proof is similar to that of theorem 7.1. The estimates (7.23) and
.24) are valid f?r Z € Bk+i C(k) or z ¢ Ek,l’ Iyl > 1, when Qp = Q(a+1/p,TC),
(p) is replaced by p and the function g is omitted. Instead of (7.25)

d (7.26) we define the spaces

S(m,k)

ind W2 (0(a+1/k, ) 3=1/21 El+2hnl-m Log (1+ I l))

proj H (T(Tg(z));a(lm 0)+1/k Imllol+m log(1+lel)).
Q00 i

Hlm,k]

2 to the fact that the weight function exp 1/20l&l only influences the
nain C(%) and not any weight function in the space H, while the function
(Mgl /k) in (7.25) influences both Ck and g(klIm 81") in (7.26), we can
strict ourselves to e-neighborhoods of the set Q, i.e. the neighborhoods

(a+1/k,TC)}m_ and, therefore, we get instead of (7.27)
k=1
F: S(m,k+1)' —— H[m+n+1,k] and F—I: H{m,k+1] — S(m+2n+2,k)"'.

50 here (7.30) and (7.31) hold and the theorem follows from the fundamental
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principle, because the sets {Q “I(Tc(k))} are equivalent to a system

| 1 \
{Qk}k I (i.e. for every k there is an & w1th Qk c QQ and QR c Qk; that
satisfies (3.3). For example the sets QL may be chosen convex such that
o is a convex function. Here the extension of a function in (7.33) to

a collection of semilocally defined functions satisfying good bounds may

also be obtained by a similar process as in HORMANDER [6], theorem 4.4.3. []

REMARK. The second isomorphism in theorem 7.2 equals the first ome, if in
(7.32) and (7.35) C stands for the cone TC. Indeed, the sets {Tc(k)}
equivalent to {z | y e C(k), Ixl < k“y"}:=l. Hence (7.33) equals (7.32) and

as reflexive spaces (7.36) and (7.35) are equal, too.
7.3. UWthadistributions of Bewiling Lype

An ultradistribution which is the boundary value of a holomorphic
function f in TC that satisfies (7.2) and (7.6) is the Fourier transform
of an analytic functional carried by Q(a,TC) with respect to the neighbor-
hoods {Q(a+1/k,T }k z However, we will not give this isomorphism, but we
treat spaces of a more simple structure, namely we consider Fourier
transforms of analytic functionals such that sufficiently small neighbor-
hoods of their carrier are contained in a given open set int Q(a,TC).

Let {Cm};=1 be a decreasing sequence of convex cones with inter-
section C and with C cc C" and let {am};=l be an increasing sequence

. . m n
convex functions, homogeneous of degree one, each a defined on C or TC ,

Cm+1

. m+ 1
with am(z)+em < am+1(z), z e pr C or pr T , for some € > 0, converg-

. . . C .
ing in any point of C or T to the convex homogeneous function a on C or

TC. Furthermore, let

(7.38)  Exp(a,Cig) = ind H (C ,g("z")+am<z)>,

m—>00
and when we consider functions in T , let
C (nyn
(7.39) Exp(a,T ;g) = ind proj H (Tk ;8 (z)).
mro k> “m
If in (7.39) am(O,x) exists for every m, this space reduces to

m
C, . c . [yl
(7.40) Exp(a,T ;g) = éﬂi HP(T ,g(—a—)+am(z)).




g satisfies (7.14) for (7.13) these spaces are independent of p as

» the following spaces:

41) Ala,C;g*1 = proj H (0(a, ,C™s-g @@l zl)),
m>o©
c A,
42) Afa,T ;g*] = proj ind H (Q(a T )s—g (mlgl)+klnl)
me ko

when am(O,x) exists

m
43)  Ala,TC;8%1 = proj H_(2(a_,1C )3-g*(mlel)).
m>e P m

It follows from an estimate like (7.23) or (7.24) that the collection
2°5 [ zeC" m' or TC } of functions in ¢ belongs to one of the spaces 11
projective sequence (7.41), (7.42) or (7.43) for some m and every
> m and moreover, this collection is dense there (which follows from
injectivity of the map F defined by (7.22)), hence the projective
its (7.41) and (7.43) are strict (see FLORET & WLOKA [4]). Therefore,
e (7.41) and (7.43) are FS-spaces, their duals are the injective limits
the duals of the spaces in the projective sequences (7.41) and (7.43),
>ectively, see FLORET & WLOKA [4], §26,2.5. Also we will show that
+2) is a strict projective limit, that moreover (7.42) is dense in each

e

m

W) ind H_(2(a_,T ™ ) ;-g" (ml el y+Kklnl ),
k> P

1,2,... and that its dual equals

m
5) Ala,TC;g%7 def ind proj [H (2(a,,T ¢ ) ;g mlel)+klnl) 7",

JREM 7.3. When g satisfies (7.14) for (7.13), the Fourier transformation
12) is an <somorphism from the strong duals of the strict FS-spaces

1) and (7.43) and from the strong dual (7.45) of (7.42) onto the spaces
18), (7.40) and (7.39), respectively.

)F. First we show that F is an isomorphism between (7.45) and (7.39);
proof of the other cases is similar and is finished then. The proof
ows the same lines as the one of theorem 7.1. Instead of (7.25) and

'6) we define
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S (m) ind w“‘(o(a ,1° ),—g (ml €l +kl nll - m Tog (1+1 zI))

and

Hlm]

proj H (T(T ), ("in—e-—"\ (Im 8)+m log(1+lell)),
ko> m

Then for every m there is an m' > m with
(7.46)  F: S(m)'—> H[m'] and F ': HIm]—> S(n')"'.

sike in the proof of theorem 7.1 it can be shown that F is an isomorphism

ind{H[m] /// N } .
m>® Hlm] n WeH[m]

'ow the theorem follows from the fundamental principle; similarly to the

rom (7.45) onto

‘emark made at the end of the proof of theorem 7.1, here the extension of
. function in (7.39) to a function in some H[m] can be obtained by
'ORMANDER [6], theorem 4.4.3 and lemma 6.1, too.

Secondly we show that (7.42) is dense in (7.44). We proceed as in the
ase of finite order distributions, cf. BERENSTEIN & DOSTAL [1]. Let

def

Ap == proj ind H_ (€™;-g” (ml gl)+klnl)
nd
A 28 ind proj B (@;—g™ @l £l )+l nl .
k—->00 >0

he Fourier transforms of elements in AF and A are C -functions with support
n Bk’ hence the inductive limits over k are strict. Furthermore, also by
eans of Fourier transformation it follows that the bounded sets of AF and A
re the same. Clearly the injection from A onto AF is continuous, so that

herefore A% is a dense linear subspace of A%. Now A' equals

7.47) = proj ind [H_ ™™ (@l el)+klnl)]r.
)
]
ince the transposed map, from ind %foj [H (mn;—g*(mHgH)+anH)] into A%,
e ko p
f the identity map is continuous and since by inspection of the neighbor-

oods of zero of this space and of the 1mage of A% in the space (7.47) one

ees that the topology of 1nd %SOJ[H (m =g (mﬂgﬂ)+kﬂnﬂ)] is also less fine




1an the topology of A%, it follows that
1.48) ' = ind proj [H_(€™;-g" (mlel)+klnl)]".
Ag proj [H g (mlgl) )

Furthermore, the space (7.39) is a space of "finite order" ultra-
.stributions of Beurling type, which can be injectively embedded into th
yace F(A%) of all ultradistributions of '"finite order" (this follows fro
hyperfunction representation, see KOMATSU [10], and the "edge of the we
ieorem' for hyperfunctions). Therefore, the space

m
' 49) proj [H (2(a_,TC );-g*(mlel)+klnl)]",
k> P m

ving injectively embedded in (7.45), can be injectively embedded into
F.Hence AF is dense in (7.44), which follows if we take p # », so that
'.49) is the dual of (7.44). Since clearly AF is contained in (7.42),
le space (7.42) is dense in the space (7.44). Therefore, there is a
mtinuous bijection from (7.45) onto the dual of (7.42) and the dual of
'.42) can be injectively embedded into A!.

Finally, we show that the topology of (7.45) is also less fine than
le topology of the strong dual of (7.42). Let V be an open convex set in
le space (7.45); we may take V = U Vm, where Vm is an open convex set i

m=1
e space (7.49) and where Vm cV see FLORET & WLOKA [4]. If p # =

m+1?
.49) is the dual of the regular space (7.44), hence for every m we may
ke

v def
m

def
“¢"j,k. —_— [ J

i
J Q(aj,TC )

m 1/p
{U ] [<p,¢>] < !- E ||¢1|I.) K } , ¢ e (7.44), where

b

;Aj=] J 1/P
16 (2) |P exp p{g*(jﬂgﬂ)—kjﬂnﬂ} dx(c)] }

r some positive numbers kj, j=1,2,... . Now let the functions Mém on

= Q <% 4
o (aZm, ) be

*
M! = min [-g Cmlel)+k.Inl], Qo \Qe hy J=1,..
om®) 2j-1<i<2m+1 g (amiEh)+ey R R AEV AN

d M! on be

2m Q2m+1
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*
M! = in -g (mlgl)+k.Inl7, Q.. Q..
2m(c) 2j+112i52m+1 [-g (2mlEll) ;in e 2J+1\ 25-1°
j=0,...,m
.et M, be a continuous function on £, with
2m 2m
7 n
M, (@) =M, () <M) (2), e, .
V2m contains a neighborhood of the form
Vi = {u | l<u, 0> < o lol , ¢ € (7.42), where
1/p
def [ P _
||¢"m_L f 16(2) 1" exp-p M, (2) dA(c)] }
Q2m

jome constant o s because (7.42) is dense in (7.44). The set V' =

v s . . *_ : . !
V2m is a neighborhood of zero in the DFS -space é&ngp(QZm’MZm(C))] .

+ V' contains a neighborhood of the form
W' o= {u | I<p,0>] < 1, "¢"m < Ké, m=1,2,..., ¢ € (7.42)}
‘his set contains a set of the form

W= {u I l<u,¢>| <1, "¢"m,k < Km,m = ]~,2,..., o € (7-42)},

m

is a neighborhood of zero in the strong dual of (7.42) contained

O

Note that the duals of (7.42) and (7.43) are subsets of A%, which carry
er topology than the one induced by A% (7-.48).
Distributions

The function g in (7.1) does not satisfy condition (7.14), but it
fies: vm > 0, WM > 0, 3m"> m, 3A = A(M,m) so that for every 0 < p < 1

-1
) mg(p) + M log p < m'g(p) +A.




)0

1is condition restricts the growth of g(p) as p > 0, but a s
istrictive condition enables us to get analytic functionals
.0osed convex sets with respect to e-neighborhoods, namely Vm

= A(M,m) such that
'.51) mg (p/M) < mg(p) +A.

1e function g(p) = 1og(1+p—1) satisfies (7.50) and (7.51) an s
1e case of finite order distributional boundary values. As i
msider Fourier transforms of analytic functionals, such tha 1y
1211 e-neighborhoods of their carrier are contained in a giv
it Q(a,C).

Let {am(z)}m=]

. . . . C
immctions on C or T converging in any point of C or T to a

be an increasing sequence of convex homog

. C .
ymogeneous function a(z) on C or T , respectively, such that

a +1(z), z ¢ pr C or pr TC, for some e > 0. Define
.52) Expla,C;gl = ind %EOJ H (Ck,mg("z")+am(z))
id when we consider functions on TC, define
'.53) Exp[a,TC;g] ind proj H (T k,mg("y")+a (z)).
mre k> mo
in (7.53) am(O,x) exists for every m, this space reduces t

'.54) Expla, T sgl = 1nd %(03 H CR.+1Ck,mg(“y")+a (z)).

lese spaces are independent of p as are the following spaces

* *
'.55 Ala,C;g ] = proj H_(Q ,C)3 Izl)),
) la,Csg proj p( (a_,C)s-mg (Iclh))
'.56) Ala,1;8%1 = proj ind H (@(a_, 1% ;-mg" (1e1)+klnl)
> k—}oo p

id when am(O,x) exists
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) Ala,1%g*1 = proj H_(2(a_,10);-mg (NEI)).
me P MW
Like in §7.3 the spaces (7.55), (7.57) and (7.56) are strict projective
:s hence the first two spaces, being FS-spaces, are dense in each space
le projective sequences (7.55) and (7.57), respectively and, moreover,

property also holds for the spaces (7.56), whose strong dual equals

D) A[a,TC;g*J' =n§£§ proj [Hp(ﬂ(am,TC);—mg*("€")+k“n“)]'-

—>00

XEM 7.4. When g satisfies (7.50) and (7.51), the Fourier transformation
) is an isomorphism from the strong duals of the strict FS-spaces

) and (7.57) and from the strong dual (7.58) of (7.56) onto the spaces
), (7.54) and (7.53), respectively.

. After deriving estimates like (7.23) and (7.24) we apply (7.51)

ning that F is continuous
F: [H_(2(a_,T%) ;-mg* (1£1)+klnl) 1" — proj H_(TCK;mg(Iyl)+a_(2))
P m ko P Kk m
. Cy,__ = ' . n,. .
F: [H (2a,,T7);-mg (Ieh) 1" — proj Hy (R Csmg(lyly+a , (2)).

Instead of (7.25) and (7.26) we define

S(m) = ind W?(o(a ,78) 5-mg " (£l ) +klnl-m Tog (1+0z1))
k> m

H{m] = proj H (T(Tck);mg(ﬂlm 61")+a (Im 6)+ mlog(l+lel)).
k > @ k m

When g(p) = log(l+p~1) elements of H[m] have tempered distributional
lary values in S' on the distinguished boundary. Now (7.46) holds,
'LADIMIROV [14], because if in (7.51) M depends on k, this is expressed
in the constant A. The rest follows as in theorem 7.3, while a similar
'k, concerning condition (3.3) and the extension to semilocally defined

:ions, made at the end of the proof of theorem 7.2 can be made here,

0
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. EXAMPLES OF LOCALIZABLE AU-SPACES

In this section we give some examples of localizable spaces (in the
:nse that theorem 3.1 holds). Some spaces W such that H = FW' consists of
itire functions are localizable here, but not in the sense of EHRENPREIS
}] (examples 8.1 and 8.2), while others are localizable in [3] but not
;re, such as D'. That D' is not localizable here is due to the fact that
.og(]+";”2) is not plurisubharmonic in c™. Below (example 8.5) we will
e that there are subsets of D' (with a finer topology than the one
iduced by D') which are localizable in our sense. These are the spaces of
.stributions in D' whose inverse Fourier transforms have their carrier
mtained in some unbounded convex open set. More generally, the main
zamples of spaces W, such that H = FW' consists of non-entire functions,
‘e spaces of objects, such as distributions, ultradistributions and Fourier
rperfunctions, whose inverse Fourier transforms are concentrated in given
tbounded convex sets.

In the following examples it can be easily verified that the occurring
right functions are plurisubharmonic or can be changed into plurisubharmonic
inctions without damaging the spaces and that where needed conditions (3.2),

.3) and (3.7) or conditions (3.13) and (3.12) are satisfied.

AMPLE 8.1. C -Functions in an open convex set

Let 0 ¢ R" be an open convex (not necessarily bounded) set and let
~}° . be an increasin sequence of compact convex subsets of O exhaustin
k'k=1 8 P 8

Then the space E(0) of C -functions in O
E(0) = proj WS(K,;0)
k> p

=1,2,... or ») is localizable. An AU-structure can be obtained from the

omorphism

E(0) ~ Flind H_(€%I (Im z)+ k log(1+1212))7",
= koo P k

ere

I = -y,
k(y) gsel?k bAR3
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PLE 8.2. C -Functions on a compact convex set

n . .
Let K ¢ R be a compact and convex set, which is the closure of an

set. Then the space E(K) of Cm—functions on K
E(R) = proj WS(K;0)
k>
ocalizable. The isomorphism F is given by
E(K) ~ Flind H_(C%I, (Im z)+k log(1+lz12))7.
- k> P K

PLE 8.3. Rapidly decreasing C™-functions in a convex set

Let 0 ¢ R" be an open, unbounded and convex set not containing a
- - [ee)
ight line, let O be its closure and let {Om}m=1 be a sequence of closed

ex sets with 6m €04 €O and with union 0. Then the spaces of rapidly

+1
[ee] -
easing C —-functions in O or on O,

S(0) = proj wm(6 ;—mlog(1+lgl))
me M
S(0) = proj W.(0;-mlog(l+lel)),

m>®

ectively, are localizable. Let C be the open convex cone in (R™)'

rmined by O (such that (7.7) and (7.8) hold:
- def
(O -y*£<1 —] ~y°£, V c} ’
{e | -y-£<I,(y) sup y*E, Vy € )

{Ck}:=l be an exhausting sequence of compact subcones of C and let

Iom. Then the isomorphisms F are given by

. . Cx -2m 2 '
S(0) ~ F[ind proj H (T “;log(1+lyl Y+mlog(1+lzI )+I (y))]
o m>© %c*» P m

- C -
S(0) ~ F[ind proj H_(T k;log(l+"y" 2m)+mlog(l+"z"2)+1 (y»1',
= mre k»5 P 0

VLADIMIROV [14]. The spaces between the square brackets consist of all




mpered distributions that are the Fourier transforms of tempered dis-
ibutions with support in am or O, respectively.

Actually, examples 8.1 and 8.2 are particular cases of example 8.3.
milarly, let now {Om};___1 be an increasing sequence of subsets of O such
at C is a compact subcone of the cone c™ belonging to om: Ccchcch+1
en the space of C -functions in 0, decreasing at infinity as

p-—g*(mﬂgﬂ), m=1,2,..., where g* satisfies (7.15) for (7.13),
S(038") = proj W.(0_;-g" (ml&l))
me  C M
localizable; it is the Fourier transform of the dual of

ind 1 (1% 5g( 1) 4 m1og(141212) + T (5))
ind H (T" 5g(= )+ mlog(1+lz ().

AMPLE 8.4. Analytic functions in convex sets decreasing at Linfinity

It follows from theorems 7.1, 7.2, 7.3 and 7.4 that the spaces A of
lomorphic functions in int Q(a,C) or in certain neighborhoods of Q(a,C)
creasing at infinity as exp-—g*(mﬂcﬂ) for every positive m or as
p-g (Izl /k) for some k, where g  satisfies (7.15) for (7.13) or (7.12),
spectively, are localizable, i.e. the spaces (7.19), (7.20), (7.21), (7.
.36), (7.37), (7.41), (7.42), (7.43), (7.55), (7.56) and (7.57). In
rticular we mention the space of real analytic functions ¢ in Q C?Rn,
ere Q is a closed convex set in R" not containing a straight line and
ere each ¢ is holomorphic in a complex e-neighborhood of 2 and satisfies

ere

l6(z) | < M exp-elzl
. (7.37) and example 8.7 below.
AMPLE 8.5. Distrnibutions whose invernse Fourder trhansforms have their

cavtiern contained in a convex, open et

. C . n . .
Let © = int Q(a,T ) be an open, convex set in € not containing a
raight line, such that the open cone belonging to it is of the form

1. . . n . . .
+1 C, where C is an open convex cone in IRR. Since (as in §7.3) ZF 1s




55

in the spaces (7.56) and (7.57), the spaces (7.53) and (7.54) consist
. finite order distributions in D%, whose inverse Fourier transforms
their carrier (with respect to e-neighborhoods) contained in @ (by

ve mean that sufficiently small e-neighborhoods of the carrier are
ined in Q). Moreover, if Q is bounded in the imaginary direction, it
#s that all distributions in D' that are the Fourier transforms of

tic functionals in Z' with carrier contained in Q, must necessarily be
nite order and a holomorphic function belonging to (7.53) (where now
k) exists) belongs to (7.54). We may conclude that the spaces (7.53)
7.54) of all finite order distributions whose inverse Fourier trans-
have their carrier contained in a convex, open set { are localizable.

somorphisms F are given in theorem 7.4.

LE 8.6. ULtrnadistributions whose inverse Fourdlern thansforms have
thein carvien contained in a convex set

The same remarks made for finite order distributions in the last

le can be made for "finite order'" ultradistributions of Beurling type,
Also, when am(O,x) and a(0,x) exists, holomorphic functions belonging
.39) or (7.17) belong already to (7.40) or (7.18), respectively. We
onsider carriers Q(a,TC) with respect to the neighborhoods

1/k,T k)}:;1 and when we say that a carrier is contained in a certain
set, we mean that these neighborhoods for k > kO are contained in this
[n virtue of (7.15) the spaces (7.39) and (7.40) of all "finite order"
listributions of Beurling type, whose inverse Fourier transforms have
carrier contained in a given open convex set Q (2 as in example 8.5)
>calizable. The isomorphisms F are given in theorem 7.3. Similarly,
caces (7.17) and (7.18) of all ultradistributions of Roumieu type
inverse Fourier transforms are carried by a given closed convex set
1s in example 8.5) are localizable. The isomorphisms F are given in

am 7.1.

LE 8.7. Fowrien hyperfunctions whose inverse Fourlern thansfoams have
theirn support contained in a closed convex set

vhen a(0,x) exists a holomorphic function belonging to (7.33) already

1s to (7.34). As in the case of ultradistributions of Roumieu type we




(G2}

1y conclude that the spaces (7.33) and (7.34) of hyperfunctions whose
werse Fourier transforms are carried (with respect to e-neighborhoods) by
losed convex sets Q (Q as in example 8.5) are localizable. However, we

11 consider a particular case of (7.34) consisting of Fourier hyperfunc-
.ons. Then the Fourier transforms are again Fourier hyperfunctions
similarly to the case of tempered distributions).

Let Q = Q(a,TC) be a closed convex set in R™ not containing a straight
ne, then a(y) is a convex homogeneous function on C c R". By Q(e) we
:note a complex e-neighborhood of 9. Fourier hyperfunctions are hyper-
mctions in R represented by means of functions f satisfying an estimate
ke (7.5), see KAWAI [7]. In [7] it is shown that the space of analytic
inctionals carried by Q@ with respect to e-neighborhoods and the weight
mmctions {exp eugn}€>0 is isomorphic to the space of Fourier hyperfunctions
.th support in @ 1). Theorem 7.2 yields the isomorphism F
a,C) ggi:gggj HP(EJHd.C(k);a(Im z)+1/klzl) ;:F[igg Hp(Q(e);—eﬂgH)]',

Actually, én KAWAI [7] the neighborhoods of Q(a,T ) are of the form
{Q(1+1/k,T )}k 1° but as in theorem 7.2 it can be shown that the dual of

C
(*) ind H (2(a+1/k,T Ky o1/l el

is isomorphic to the corresponding space (7.34), which is also isomorphic
to the dual of

(%%) 11{3510 Hp(Q(]/k);-I/kIIgII)

according to theorem 7.2. It is even more simple to show the first
isomorphism (whlch is done in KAWAI [7], when a is constant) directly
with the aid of HORMANDER [6] th. 4.4.2 instead of lemma 6.1. Hence,

both spaces of analytic functionals are the same w&th respect to
e-neighborhoods or to the neighborhoods {Q(a+1/k,T k}k— . Being reflexive
spaces (namely DFS- spaces) the spaces (*) and (*%) are equal i.e. a
holomorphic function ¢ in Q(e) satisfying

lo(z) | < Mexp-elel, ¢ e Q(e),

C
is holomorphic in some larger set Q(e) u Q(a+1/k,T k) and satisfies
there
[6 ()| < M' exp-slel

for some § < ¢ depending on Ck and € and for some M' depending on M,
€ and Ck'
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v in view of (7.5) H(a,C) is a space of Fourier hyperfunctions. Hence,
i the space of all Fourier hyperfunctions whose inverse Fourier trans-
. have their support contained in Q c R" and it is localizable. In

cular, H(a,C) is an AU-space of Fourier hyperfunctions.
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